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Equations for transverse emittance growth due to multiple passes of circulating proton beam through the H-minus stripping foil in Booster were developed in [1] . These were based on simple principles of statistics and simple assumptions about the initial distribution of particles incident on the foil. It was assumed there that the foil dimensions and position of the incoming beam are such that all particles hit the foil on every turn around the machine. In the present note we assume only that all incoming H-minus ions from Linac hit the foil and are stripped of their electrons. The resulting protons circulate indefinitely around the machine. Setups in which the foil width is reduced so that not all protons hit the foil on every turn are studied here by simulation. The aim is to determine the effectiveness of such setups in reducing the emittance growth of circulating proton beam during the injection of H-minus beam. The simulations also serve as a check of the equations developed in [1] , and vice versa.
The particulars of the simulation setup are given in Sections 1 through 11.
Figures 1 through 12 show simulation results for the case in which all particles hit the foil on every turn. The results are in good agreement with those obtained from the equations of reference [1] .
Figures 13 through 19 show simulation results for various setups in which the foil width is reduced. These results are summarized in Section 12.
In all figures the horizontal axis gives the turn number. The unit of the vertical axis is micrometers (µm) in all plots of emittance.
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Let X ni and X ni be the horizontal position and angle (with respect to the closed orbit) of the ith particle just upstream of the foil on the nth turn around the machine. Then the position and angle on the next turn (again just upstream of the foil) are given by
where
and φ ni is the angular kick received by the ith particle as it passes through the foil on the nth turn. Here α, β, γ are the Courant-Snyder parameters of the machine lattice at the foil. These satisfy
The parameters C and S are C = cos 2πQ, S = sin 2πQ (4) where Q is the machine tune.
Carrying out the matrix multiplication in (1) gives
which, with the help of (3), can be written as
Defining new coordinates
we then have
These are the turn-by-turn equations used in the simulation. The particles are tracked for 333 turns, which corresponds to a time interval of 396 microseconds for protons with a kinetic energy of 200 MeV.
Emittance of Distribution
The average emittance of the distribution on the nth turn is
The emittance of the distribution on the nth turn is defined to be
If the distribution is Gaussian with density
then the emittance that contains fraction [2]
of the particles is 6E n . This is called the 95 percent emittance.
The above emittances are un-normalized. Normalized emittances are obtained by multiplying the un-normalized ones by the relativistic factor βγ = 0.68684 for 200 MeV protons. Thus the normalized 95 percent emittance is (6E n ) N = 0.68684 (6E n ).
6 Symmetry of Distribution
We also define dimensionless parameters
which are measures of the symmetry (or asymmetry) of the distribution as discussed in [1] . The distribution is symmetric on the nth turn if
Initial Distribution
We assume that the initial distribution of particles is Gaussian with density
We then have
and
The definite integrals
then give
The initial distribution is therefore symmetric with emittance
In the simulation we set E 0 = 0.6 µm (39) and β = 5 meters.
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The Numerical Recipes routine gasdev [3] then produces an initial distribution that is symmetric and Gaussian with
The normalized 95 percent emittance for the set value of E 0 is
which is consistent with recent measurements of the Linac beam. The corresponding beam half-width at the foil is
Distribution of Angular Kicks from Foil
We assume that the distribution of angular kicks received by particles as they pass through the foil is also Gaussian with probability density
Using the second of equations (34) we then have
The root mean square (rms) angular kick received by the particles on any given turn is then
In the simulation, the value of σ is specified and the Numerical Recipes routine gasdev [3] produces a distribution of kicks that is Gaussian with
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Here φ i is the angular kick received by the ith particle on a given turn.
The analysis carried out in [1] shows that 
Expected Emittance
For a sufficiently large number of particles we expect the emittance E n obtained by simulation under foil setup 1 to be in good agreement with that obtained from equation (154) of [1] . From that equation we have expected emittance
The expected average
is given by equations (155) and (159) of [1] .
10 Expected ∆ n and K n Terms
Similarly, equations (180) and (181) of [1] are
This gives expected values
Machine Tunes
As reported in [4, 5] the tunes in Booster are set to be just above 4.5 during the injection of polarized protons. This is done so that the half-integer stopband correction scheme can be employed to reduce the lattice beta at the foil. In the simulations discussed here the fractional part of the machine tune is taken to be
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Simulations have been carried out to study setups in which the width of the H-minus stripping foil is reduced in Booster. The aim was to determine the effectiveness of such setups in reducing the emittance growth of circulating proton beam during the injection of H-minus beam. Three setups were studied: Since all particles pass through the foil on every turn under setup 1, the simulation under this setup gives the emittance growth in both the horizontal and vertical planes. Simulations under setups 2 and 3 apply to motion in the horizontal plane only. An upper limit on the growth in the vertical plane in this case is given by the growth obtained under setup 1.
In the simulations, the initial normalized 95% emittance was taken to be 2.47 µm, which is consistent with recent measurements of the Linac beam.
This gives a beam half-width of 4.2 mm at the foil. The surface density of the carbon stripping foil was taken to be either 200 or 100 micrograms per cm 2 . These are the surface densities that have been used in practice for polarized proton operation in Booster. One also sees that the reduction in final emittance achieved in going from setup 1 to setup 3 is small compared to the emittance itself. The conclusion is that the special foil described in setup 3 is not really necessary; an ordinary foil like the one described in setup 2 is all that is needed. This setup has the advantage that with the incoming beam placed up against the foil edge, one can quickly move the circulating proton beam off the foil at the end of H-minus injection.
The simulations discussed in this note are strictly two-dimensional. (The two coordinates are X and Y = αX + βX , where X and X are the horizontal position and angle with respect to the closed orbit.) For setups involving a foil that has its width reduced in both the horizontal and vertical planes, a four-dimensional simulation is required. Such a foil has been used during polarized proton operation in Booster. It is called the "Stamp" foil and is described in [5] . To date there is no definitive measurement of emittance growth in Booster showing that this foil is any better at reducing emittance growth than one with the width reduced only in the horizontal plane as in setup 3. Since all particles pass through the foil on every turn under this setup, the growth is independent of the initial emittance as demonstrated in [1] . Under setup 3 the value of L is set to the initial half-width of the beam which is now reduced from 4.2 to 3.0 mm. This gives an emittance growth of 3.59 µm over 333 turns. The reduction of growth therefore amounts to (4.09 − 3.59)/4.09 = 12.2%, which is a modest increase from the 6.8% reduction achieved in Figure 14 . Note again that the red curve is nonlinear and curves away from the black curve. is therefore small compared to the emittance itself. The conclusion is that the special foil described in setup 3 is not really necessary; an ordinary foil like the one described in setup 2 is all that is needed. This setup has the advantage that with the incoming beam placed up against the foil edge, one can quickly move the circulating proton beam off the foil at the end of H-minus injection.
